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Elastic and quasi-elastic light scattering data are given for moderately concentrated solutions of a polystyrene
(M, =8.6 x 10°) in cyclohexane at the Flory theta temperature. The concentrations studied gave [#]c from
0.6 to 8.3, with [#]=76cm3g~!. A maximum in the scattered intensity versus scattering angle is discussed
in terms of a net repulsion among chain centres obtaining at the Flory theta temperature. A
double-exponential decay observed in the quasi-elastic light scattering behaviour is discussed in terms of
a model involving relaxation effects giving rise to a g-independent exponential component, and one that
depends on ¢2. As predicted by the model, these effects are more pronounced at the Flory theta temperature

than in good solvents.

(Keywords: moderately concentrated; elastic light scattering; quasi-elastic light scattering; polystyrene)

INTRODUCTION

In parts 1-3 (refs. 1-3, respectively), moderately concen-
trated solutions of polystyrene were studied near the
upper or lower critical consolute temperatures, so that
the second virial coefficient 4, is about zero*>. It was
found in part 2 that the Rayleigh ratio R(q, c¢) exhibited
a maximum as a function of the modulus g of the
scattering vector ¢ for concentrations ¢ such that
(6.8N\RE/M)c~[n]c is in the range 1 to 6, where R is
the root-mean-square radius of gyration at infinite
dilution, M is the molecular weight and [#] is the intrinsic
viscosity. In this study we will report the photon-count
correlation function g*)(z;q,c) for similar solutions
under conditions for which A,=0. The correlation
function will be represented as®:

9@(1; q,¢)—1=[¢""(0; ¢, 0)— 11[¢g"V(z; ¢, ¢)]* (1)

9Vt q,0)= Y r,exp(—7,K;1) )

v=1

where r, and y, may each depend on g and ¢, Y r,=1,
and the first cumulant K, is given by:

a (1) (. ,
K,(g, ¢)= —lim 99 '(v: 9, ¢)
=0 T

G)

With use of equation (2), ¥ r,y,=1.
It is convenient to discuss R(g, ¢) and K, (g, ¢) in terms
of the repeat-unit pair correlation function g(r)”-®. Thus:

R(g, c}=KcMP(q, c)F(q, c) )

MP(q, c)F(q, c)/mo = J g(r)exp(ig-r)dr  (5)
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where P(q,c) and F(q,c) are the intramolecular and
intermolecular structure factors, respectively, and M and
m, are the molecular weights of the polymer chain
and the repeat unit, respectively. An expression for
K, (g, ¢) in terms of g(r) is discussed below, as are specific
functions to represent P(q,c) and F(g,c). We note,
however, that for a monodisperse solute F(0, c) is related
to the equilibrium osmotic modulus Kg:

Kogs=c¢ 0I1/0c=cRT/MF (0, ¢) 6)
Furthermore, in the following, we will express F(g, ¢) in

terms of P(q, c), a g-dependent interference factor H(q, c)
and a g-independent function I'(c)*7:

F~Y(g,c)=1+cP(g, c)H(g, c)T'(c) M
where both P(q, ¢) and H(g, c) are unity for zero ¢, so
that:

KeM

—_ 1 —
RO, C)-F 0, c)=1+cI(c) ®)

In most cases, F(0,c)<1 (for a polymer solution,
exceptions to the latter would usually correspond to
incipient phase separation). In the limit for large gq,
F(o0,c)=1, and P~ 1(q, c¢) tends to proportionality with
g¢, where ¢ is model-specific, e.g. e =2 for a random-flight
chain’-8. Since P(g, c) decreases and F(q, c) increases with
increasing g (excepting extrema that occur with certain
models, e.g. hard spheres®), a maximum in R(q, c) versus
q is possible for g>0. Such a maximum will occur if
d1n R(g, c)/0q*> =0, where

dInR(g,c)_dlnP(g,c) <1
oq® oq*

d1ln F(q, c)
* d1n P(q, c)) )

Thus, if P(gq, ¢) exhibits no extrema for g >0, then maxima
in R(g, ¢) require é In F/é In P= —1. As discussed below,
with dilute solutions, H(q, ¢) is often nearly unity, in
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which case — 0 In F/@ In P cannot be unity. The behaviour
for moderately concentrated solutions is discussed in the
following.

The first cumulant may be expressed in terms of an
apparent diffusion constant D, (g, c) defined as”®:

D,,(a, c)=K:(g, c)/q? (10)

where (with neglect of a factor of the solvent volume
fraction, which is nearly unity for ¢ of interest here):

N,E(g,c) c

Here, M5(q, c)=cRT/MP((q, c)F(g, c) and E(g,c) re-
duces to the translational friction coefficient Z° at infinite
dilution. For qRs« 1, D,,(q, c) reduces to the mutual
diffusion coefficient, given by:

Dy(c)=Kos/lm (12)

where {y=N,E(c)c/M is the friction factor per unit
volume, with E(c) equal to E(0, ¢). This expression will
be compared with experimental data on solutions at the
Flory theta temperature in the following.

Of course, E(c) reduces to E°=kT/D? at infinite
dilution, with D9 the translational diffusion constant, and
in that same limit Kog=cRT/M, making Dy(c) equal to
D2 at infinite dilution. In the following, it is convenient
to express E° in terms of a hydrodynamic radius, as:

Ry =E/6mns (13)

with 74 the solvent viscosity.

An approximate dynamic model has been presented
leading to g"*)(z; g, c¢) in the form of equation (2) with
m=21%11_A slightly modified development of that model
is given in the Appendix, where it is shown that the
parameters in equation (2) are given by:

r1=1—r2=(1—y2)/('y1—y2) (14)
= ()= (— DL+ =41} (15

where k=K,73 and f=1+AL/L. Here, L is defined as
Kos+%G,, with G, the equilibrium modulus, and 7y is a
time constant for the (assumed) exponential relaxation
of fluctuations AL. The behaviour predicted by equations
(14) and (15) is shown in Figure 1. As discussed below,
possible values of AL may include the relaxation of
fluctuations AK in the osmotic modulus or AG in the
shear modulus. With this modet:

K(g, )=a’Dy(c)=q"L/ly (16)

If f~1, g"M(r; g, c) collapses to a single exponential term
at all 4. However, if f>1, two exponential terms con-
tribute to g™¥)(z; g, c). The limiting values of y,K,/q* and
y,K, predicted for fDyq>tg > 1 are independent of g, and
equal to D, =fDy and (ftg) ", respectively, where:

Dgoy=(L+AL)/ly 7

Thus, for gD, g > 1, the scattering probes the response
of a viscoelastic pseudo-gel, with a diffusion coefficient
D,,, proportional to the unrelaxed modulus L+ AL, and
a characteristic relaxation time frz. Because y, <7y,, the
contributions with subscripts 2 and 1 are sometimes
referred to as the slow and fast modes, respectively-11,
For larger g, the weighting factor of the exponential term
with y,K, =(ftg)~! is given by r,=(f—1)/f. Thus, this
contribution is negligible if f—1=AL/L«1.

Dapp(q’ C) =
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For a swollen crosslinked polymer gel, L=Kqs+%G.,,
and one can expect comparable relaxation times for the
relaxation of fluctuations in the osmotic and shear
moduli, so that AL=AK +%AG. Further, since 7 will be
of the order of the longest Rouse relaxation time for the
chain between crosslink loci, it is unlikely that 13 Dy(c)q?
could become large enough to cause observable non-
exponential behaviour in g)(z; g, c) on the light scattering
timescale, even if f > 1. Equivalently, the effective values
of Kos(0) and G(0) on the light scattering timescale are
normally so close to the equilibrium values Ky and G,,
respectively, that AL~0 and f=1, as assumed in the
first use of the preceding treatment, made to explain the
observed exponential g*)(z; g, c) for polymer gels!?.

For a polymer solution, as studied here, G.=0, or
L=Kgg, so that AK «AG=G(0). In this case, D, refers
to the pseudo-gel behaviour arising from entanglement
constraints. Although the osmotic-modulus relaxation
time may remain of the order of the longest Rouse
relaxation time, the shear-modulus relaxation time may
be considerably larger if c is large enough to produce
entanglement effects>*3-1#, In the latter case, 7, becomes
the shear-modulus relaxation time. In any case, since
AK «AG, it will be assumed that 3AL~AG=G(0), and
that on the light scattering timescale G(0) may be
approximated by the pseudo-network modulus Gy, given

by’:8:
1+s
GN=CAI;—T <f> (18)
. \p

where M, is the molecular weight between entanglement
loci (for undiluted polymer) and p is the polymer density.
The exponent s’ is zero for a solution with 4,=0, but
may be larger for a solution with 4,>0; see below”"8.
Since the relaxation of the shear modulus is dominant,

T
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Figure 1 The parameters given by equations (14) and (15) as a
function of fic=fK 1y for various values of f: bottom, r,; top, y,x
(———-) and y,x ( ). Values of f are 1.01, 1.1, 1.5, 2.0 and 5.0 for
curves 1 through 5, respectively
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AL=4Gy/3 and fx~1+4Gy/3Kys. With equations (6)

and (18):
1+5
Gx M po, o)
Kos M. p

Thus, f will tend to be larger with poor solvent than
with good solvent conditions owing to the factor F(0, ¢);
see below. As ¢ is reduced to the level below which
entanglement effects no longer sustain the pseudo-
network needed to make G(0)~ Gy, 1z becomes of the
order of the longest Rouse relaxation time, and G(0) is
no longer approximated by Gy. An approximate measure
of this concentration may be the concentration ¢” such
that for ¢>c¢” the steady-state recoverable compliance
R® is proportional to Gy' with Gy given by equation
(18). Typically, ¢”/c’ is 2-4, where ¢’ is the concentration
for an abrupt change in ¢ In /0 In ¢ (see part 1).

(19)

EXPERIMENTAL

The materials used here are described in parts 1 and 2,
and the light scattering methods are described else-
where”-15. Polystyrene PC 6a was used in this study.
Conical shaped cells (6ml) were used, as in part 2.
Solutions were filtered into the clean cells through a
membrane filter (0.45 um pore size), and sealed under
vacuum after degassing. The cells were then centrifuged
in a swinging bucket rotor (5000g). The (unnormalized)
photon-count correlation function G‘¥(k; At) was com-
puted from M sets of data, each set comprising T =2!?
sampling intervals, with each interval of duration At':

@ 1 M T
G k;A =— n.n.
ki d)=y7 2, (,-; g ’”)

where n; is the photon-count number in the jth interval,
and k is an integer. In the instrument used, At may be
set equal to (3.2/us)2¥, where N may be varied from 0
to 16, and k may be varied from 1 to 512. Data were
collected over a range of At and k sufficient to charac-
terize curvature in g®?(t; g, c) for g®(t;q,¢)— 121073,
Here, g'¥(t; q, ¢) was calculated as the ratio G@(k; At)/
G¥(o0; A1) at g and ¢, with t=kAr, and G*®(o0; A1)
calculated as the square of the mean count rate {(n) per
interval, averaged over the M independent experiments’>;
M was adjusted to make the total number of counts
MT{n) of order 10°. For example, At could be made
small and k large to span the entire range in 7 needed in
even increments, or the needed range could be spanned
by a combination of experiments at different At and k,
so that larger increments are used for large than for
small 7.

Static light scattering was measured with the same
apparatus using a beam expander to form a scattering
volume about 3mm in height. As described elsewhere'>,
the incident beam was chopped and the data acquisition
system was used to determine the mean count rate free
of contributions from dark current. A secondary standard
was used to calibrate the response to an absolute Rayleigh
ratio, as discussed elsewhere!>. Reproducibility of R(g, ¢)
was within 0.5% over a period of months.

(20)

i

RESULTS

Elastic scattering
For dilute solutions, the experimental results give

M, =8.66x 105 and R;=27.0nm, in good accord with
results reported in the literature’®!?. The intrinsic
viscosity is equal to 76 ml g~ ! in cyclohexane at the Flory
theta temperature.

As shown in Figure 2, for T=0 the scattering R(q, ¢)
exhibits a maximum for ¢~ ! =gy ! ~40-50nm for [n]c
in the range 2-10, similar to the behaviour reported in
part 2. We remark, however, that although the gy and
the R(g, ¢) for g> gy obtained here are similar to those
reported in part 2, the value of dR(g, ¢)/dq* for g<qy
obtained here is smaller than that found in the earlier
work using cyclopentane. As with the previous study, the
maximum in R(g, ¢) is lost with increasing T.

The dependence of R(0,c)/c on ¢ shows that I'(c)
depends on ¢, even when A4, =0. With the results obtained
here, T'(c)>0, even though 4,=0; see below. Values of
I'(c) are given in Figure 3. The results give somewhat
larger T'(c) than computed from data on dn/dc given in
ref. 18 for the lower c[#] range, but agree with data on
I'(c) given in ref. 19 for larger c[#]. The reason for the
discrepancy at the lower c[#] is unknown to us. It is
assumed that P(q, ¢)= P(g, 0) at the Flory theta tempera-
ture, so that H(g, ¢) may be computed from the observed
R(q, ¢), with the results shown in Figure 4. The decrease
of H(q, ¢) with increasing g for small ¢ is a reflection of
the maximum in R(g, ¢). (It should be noted that the
function H(g, ¢) was denoted Q(g, ¢) in part 2, but the
notation is changed here to avoid confusion with a
function introduced in the following, denoted Q{q) by
convention.)

Asin part 2, H(q, ¢) will be represented by the empirical
expressions:

2
H(g,c)= ), H\(g,¢)

(21a)
v=1
H (g, c)=h,(c) exp(—2¢,a%¢) (21b)
-1
242 =lim ap—(f“c) 22)
q=0 6q
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Figure 2 Plots of R(0, c)/R(q, c) versus {aq)* for solutions of poly-
styrene in cyclohexane at 34.8°C: [n]c equals 0.091, 0.60, 1.15, 1.73,
2.68, 4.64, 4.69, 6.54 for panels 1 through 8, respectively; a=11 nm.
Data for experiments on a given sample at different times are identified
by the pips
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Figure 3 Bilogarithmic plot of ¢[(c) versus [n]c for solutions of
polystyrene in cyclohexane at 34.8°C. The circles, squares and triangles
are for data reported here and in refs 18 and 19, respectively. The
full line represents equations (32) and (33) with k;=0.195 (e.
cT'(c)=0.195(c[n1)*)
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Figure 4 Plots of In H(g, c) versus (aq)? for the solutions identified in
the caption to Figure 2; a=11nm. The full curves are merely to guide
the eye

A partial justification for the form of these expressions
is discussed in the next section. In the limit of infinite
dilution, a® = R%/6. Thus, 6a” represents the mean-square
radius of gyration at concentration c¢. By analogy with
the behaviour for low ¢, P(q, ¢) is assumed to have the

796 POLYMER, 1990, Vol 31, May

form:
P(q, c)~[1+(aq)*] 2 (23)

for flexible-chain polymers’—this relation provides a
close approximation (within 10%) to the Debye ex-
pression’ for P(q, 0) for gR;<2.4. As mentioned above,
a? is presumed to be equal to R%/6 at the Flory theta
temperature.

Extrapolation of KcM/R(g, ¢) for > gy to g=0 gives
an intercept 1+ch,(c)['(c). Estimates of h (c) were
obtained by analysis of the data with g < gy using a plot
of In{[R(q, ¢)/KeM]—P(g, 0)[1+cH,(g, c)['(c)]} versus
g*. This treatment gives h,(c) nearly independent of ¢
(h1(c)~0.83+0.05), and h,(c)~0.2h,(c), in comparison
with h;(c)xh,(c) observed in part 2. Further, cI'(c)~
0.195([#]c)? here for c[n]> 2 (see Figure 3), in comparison
with cI'(c)~0.50([n]c)* reported for polystyrene in
cyclopentane.

A correlation length b defined as:

_3R(©, c/R(g <)
ey

is sometimes introduced in discussion of R(g, ¢)**'1%-2!,
Evidently, for the results obtained here, b so defined is
a function of ¢, and is negative for small q. A useful
comparison with prior treatments may be obtained by
inspection of b calculated for g > gy;. Values of b obtained
in this range of g are essentially independent of g; the
results are given in Figure 5 in the form b/b, versus [n]c,
where b2=R%/3. Results from part 1 are included for
comparison.

b? (24)

Quasi-elastic scattering

Data on g#(r;q,c) were analysed in the form
Z(1; 4, ¢)={In[g*(x; g, ¢)— 11"+ D ppxq’t} versus g’z
where D,px is chosen to be close to Dy=K;q 2. This
form is motivated by the cumulant expansion®”:

In gM(z; g, €)= — K T+ (K 7 —gua(K 1)’ + - -
23

where u, is a normalized second cumulant (u,K? being
the second cumulant), etc. The cumulant expansion may
be used in equation (1) to give the relation:

Z(t; q,c)=%1n[g®(0; ¢, ¢)— 11— (Dopp—~ Dapx)g’t+ - - -

(26)
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Figure § Bilogarithmic plot of b (see equation (24)) versus c[n], for
solutions of polystyrene at the Flory theta temperature. The triangles
give the results obtained here for solutions in cyclohexane (34.8°C).
The remaining data are taken from part 2 (see Figure 8 of part 2 for
notation)
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where D,px is an estimate of D,,, (e.g. obtained by an
initial analysis with D,px=0). The initial slope of
Z(t; q, c) versus q*t is expected to be independent of g,
and equal to the difference between Dy and D ,py. Since
the difference may be made small, an expanded scale may
be used for Z(z; g, ¢) to facilitate estimation of D,,. As
expected, 0Z/d(q*t) was found to be independent of g for
small 7.

Values of Dy(c) computed from K,(g, c) for small ¢q
and [n]c<0.2 are fitted by:

Dy(c)=D(1 + kp[1]c) 27

where D3=1.48x10""cm?s™! and kp=—0.53 (see
below). These results are in good agreement with values
reported in the literature?2~27. The results obtained for
Dy(c)/DY for the entire range studied here are given in
Figure 6. The results are similar to data reported in two
other studies at the Flory theta temperature?®2°, but
differ from data on solutions of polystyrene in tetrahydro-
furan3%-3! for which 4,»0, e.g. see ref. 7.

For larger g, the observed g®(r)— 1 could not be fitted
by a single-exponential function for solutions with
[nlc=1, e.g. see Figure 7. The results could be approxi-
mated by use of equation (2) with m=2. In this analysis,
the four parameters (r,,r,=1—r;, y, and y,) were
determined by a non-linear least-squares fit of equation
(2) (m=2) to the experimental data. Since the root-mean-
square (r.m.s.) deviation of the experimental data from
the computed g‘¥(t; g, c) seemed to be systematic in T,
and to be slightly larger than the r.m.s. noise, an
alternative inversion of equation (2) was also examined.
In the latter, an inverse Laplace transform method32-34
was used to invert equation (2). The method was
implemented by procedures described elsewhere**, using
four or five points (m =4 or 5) spaced at equal increments
of Iny, from In y,;, to Iny,,.. Here, 7.2 is no smaller
than the smallest K, At used, and y_.> is no larger than
the value of Kt for which g®®(z; q,c)—1 is above the

O
T

Dylc)/D

03 - .
02 .

0l |- y
1 1 | 1 | 1 1 | 1
0 | 2 3 4 5 6 7 8 9 10

¢[n]

Figure 6 Plots of Dy/D? versus c[n] of polystyrene in cyclohexane at
34.8°C for solutions at dilute (upper) and moderate (lower) concen-
trations (D9=1.48x10""cm?s™! and [y]=76cm3g™'). The broken
and full curves in the lower panel represent the use of equations (54)
and (57), respectively
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Figure 7 The photon-count correlation function for a solution of
polystyrene PC 6a in cyclohexane at 34.8°C (c[n] = 6.54, 6 =120°). The
plot gives experimental data, along with the g*®(z) calculated with
equations (1) and (2), using four terms as discussed in the text. The
residuals to the fit are shown in the insert

0I5 T T
Q.10 .
e - <
005 -
00 L1 aa bl " A1 ahad) b, ‘Jnnn.n
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K /4

Figure 8 Plots of r, versus Ky, computed from g'?(t) for a solution
of polystyrene PC 6a in cyclohexane at 34.8°C (c[#]=6.54, 8=120°).
The data were computed with m=4, as discussed in the text (see Figure
7). Although one such set of four contributions represent the data, the
results for four computations using different y, sets are interleaved to
illustrate better the breadth of the distribution—the r, shown are
normalized to sum to unity over the four sets

noise level. In practice the values of y, and y, determined
in the fit of equation (2) with m=2 were used to guide
the choice of V.0, Ymex and m. A typical result is given
in Figure 7, along with the residual error in the fit to
In[g®(t)—1]. This process was repeated for several y,,,,
using the same increment in In y to reconstruct r(y), as
shown in Figure 8 for one example. A binodal distribution
is apparent in Figure 8. Each peak may be characterized
by an average 7; and 7, by a cumulant analysis on the
component of g')(t) computed for the y range spanned
by the peak. Under conditions for which the two modes
could be clearly identified, the results on 7; and 7; obtained
in the latter treatment were found to agree within 4-6%
with the parameters determined with m=2. Situations
where two modes could not be clearly identified are not
treated here. The breadth of the individual modes could
usually be characterized by (u,);~0.1-0.2, where (u,); is
the normalized second cumulant for the ith mode. These
are larger than expected if g(z) is actually given by
equation (2) with m=2, with the addition of random
noise. For example, for g'¥’(r) computed over the usual
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7 range using the #; and ¥; found as above, and including
random noise, the inverse Laplace transform analysis
leads to two modes, each characterized by u, ~0.05; this
is close to the resolution limit of the method for the 1
range used>4. Even though the inverse Laplace transform
analysis suggests that equation (2) with m=2 is not
strictly followed here, the dominant feature of two distinct
modes is confirmed. In the discussion to follow, the
breadth of the individual modes will be neglected, and
equation (2) will be used with m=2. Results are shown
in Figures 9 and 10 for several concentrations. The data
are presented as the parameters 7, (F, =1—F,), K,7, and
K,7,. The full curves in Figures 9 and 10 are discussed
below.

DISCUSSION

Elastic scattering

Behaviour at the Flory temperature. The principle
feature in the static scattering is the dependence of I'(c)
on ¢ at the Flory theta temperature. According to the
usual treatments utilized at low ¢, the function g(r)
appearing in equation (5) may be expressed in terms of
the potential of mean force on N solute molecules®®
Expanswn of g(r)in a series in c gives I'(c) and H (q, c)F(c)
as series in a reduced concentration ¢, such that33-3¢

T (e)=2,¢+3¢3¢*+ - - - (28a)
cH(g, )T (c)=2Q(q)y ¢
+{3W(Qls+4[P(g, c)Q*(@)—W(a)ly3}¢*+ - - (28b)
where ¢ is given by:

é=N,Ric/M (29)
and the dimensionless ; are defined by:
'/’j=AjM(M/NARé)i_1 (30)

K¥/ms™

I I TR IO U T T F U SR T U U R G S

01 02 03 04 05 06 07 08 09 O O) 02 03 04 05 06 07 08 09 10
sin2g/2

Figure 9 Plots of K,7, and K,7, versus sin?(6/2) for solutions of
polystyrene in cyclohexane at 34.8°C. The curves for K,7;/ms™* and
K,p,/ms™! are offset by 2.0ms™! and 0.5ms™! between data sets,
respectively, for clarity. Concentrations decrease from bottom to top, in
the order given in Table 1, except for the uppermost two data sets, for
which ¢[#] is equal to 2.12 and 1.66, respectively. The full curves give
K,7, or Ky, calculated with equation (15) using the parameters in
Table 1. The broken curves are merely to guide the eye
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Figure 10 Plot of 7, versus sin®(6/2) for solutions of polystyrene in
cyclohexane at 34.8°C. Starting at the bottom of the figure, the pips
rotate anticlockwise with decreasing c[#] in the order given in Table 1
except for the uppermost two data sets, for which c[#] is equal to
2.12 and 1.66, respectively. The full curves represent r, calculated with
equations (14) and (15) using the parameters in Table 1. The broken
curves are merely to guide the eye

with A;the jth virial coefficient; ¢ is of order unity when
the average separation of chain centres is Rg. Since
[7n]~6.8N ,R%/M for flexible-chain polymers with large
M35 ¢x[n]c/6.8. The functions Q(q) and W(q) are
discussed below. As seen in equation (28), cI'(c) is equal
to 3y 382 or I'(c)=3A;Mc, for small ¢ if A, =0, permitting
determination of A, under such circumstances. Under
conditions with A,=0, to first order, A; may be
expressed in terms of an interaction parameter z,3738;

A3M3/N2RS = (4m)3z,/3 (31)

In fact, a theoretical treatment for moderately concen-
trated solutions gives (see the Appendix)®®:

I'(c)=3(1—koz}/?) A, Mc (32)

for A, =0 and small z,, where k, = (5/24)(2x/3)*/2 ~0.30.
Thus, under these conditions I'(c) ~34;Mc, even though
the sample is not dilute—a similar approximation has
been used previously to estimate z;>%4°. Making this
identification, the results in Figure 3 give ¥;=3.00 and
23 =0.0045. If expressed in the form:

34;M°/NZRE=k3([n1M/N AR3)? (33)

convenient for use in the following, then k;=0.195 for
the system studied.

The appearance of A, >0 under conditions for which
A, =0 implies that the ternary cluster integral B; for
segmental interactions does not vanish when 4, =0. The
parameter z, is independent of M and proportional to
Bs. In general, the binary cluster integral f, is expected
to depend markedly on T, being zero at some tempera-
ture, whereas f, is positive and only weakly dependent
on T%4%42 For the system studied here and in part 2,
z3 computed from I'(c) is independent of M, as expected,
with z;20.0045 for polystyrene in cyclohexane, or
z3~0.012 for polystyrene in cyclopentane. Similar values
have been reported elsewhere*®41,

Calculation of 4, using a perturbation theory shows
that for A, nearly zero:

Y, =42+ - -) (34a)
2 =z+8z,[(M/dngmg)'2 —1] (34b)
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where n, is a constant of order unity®®, z; o 85, and
zoc B,M?RG3. (The original treatment®” including ternary
interactions differs negligibly from equation (34) for large
M, through omission of the term —1 in the square
brackets in the expression for £.) Consequently, ¥, may
be considered to depend on an interaction parameter 2
that is proportional to M'/2, and vanishes when 4, =0.
As z3>0, this requires that z<0 when 2=0. Data
on A,(T) for polystyrene in cyclopentane have been
analysed* to give 2=0.0050(1 - ®/T)M*/?, If z, #0, then
the coefficient 0.0050 must comprise contributions from
both z and z;.

In terms of the parameters in equation (7), the
correlation length b is given by:

= B3[1+cT(C)OH/OP ))/[1+cT(e)]  (35)

where b2 =2a?=R%/3. In the simplest case, dH/0P !
zero, as frequently obtained in dilute solutions’, but for
the solutions studied here the situation is more complex;
see Figure 4. For q < qy, 0H/0P ™! is negative if [n]c > 0.5,
and since c['(c)(0H/0P~')< —1, b? is also negative. For
q>qy, 0H/0P ™! is positive and almost independent of ¢
if [nJc>0.5, so that b likewise is positive and independent
of g. Of course, this relation fits the observed b/b, using
equation (21) to represent H,(g, c), as should be expected.
It has been assumed® that for moderately concentrated
solutions, g(r) can be represented by the Ornstein—
Zernicke approximation, g(r)oc (&y/r) exp(—r/&y), in
which case b=¢, for all g, and:

Eolc) oc Rg/{e[1 + ()1} (36)

where the factor in the denominator is dimensionless.
This expression may be expressed in the form:

Rg/%o(c)={([n1e)* " PS([n]c)/6.8}' (37)

Here, p=1(1—pu)/u, where p=3v—1x0dIn[y]/01In M,
with v=01n R;/0 In M, and:

1+cI'(c)
S =2
= tnor+

This relation gives Rg/&,(c) oc [n]c for large ¢ at the Flory
theta temperature (p=1) since S tends to a constant with
increasing [n]c, e.g. S tends to about k; for 4,=0.
Although the predicted inverse proportionality of b on
c has been reported!®-2!, the result obtained here is more
complicated, and equation (37) overestimates the de-
pendence of b on ¢. A possible model to estimate the
function H in equation (7) is discussed in the next section.

(38)

Smooth-density models at the Flory temperature. In the
preceding it was observed that for a moderately concen-
trated solution under conditions with 4,=0 and A4,
small, the simple behaviour given by equation (28a)
truncated at the second term suffices to describe cI'(c).
Under these conditions, the renormalization needed in
the moderately concentrated solution leads to consider-
able simplification. It follows that this same simplification
applies to equation (28b), so that calculation of W(q)
and Q(q) will provide an estimate of H(g,c). In the
following, use is made of a smooth-density model to
estimate the functions appearing in equation (28). In
so-called smooth-density models, the actual chain is
replaced by an object with spherical symmetry and
a potential of mean force V(S;) on molecules with
centre-of-mass separation S;;*° . Under certain approxi-

mations*3, these models lead to the results:

P Bt sin(gS,,)
Q@P(, W= —27RG> J $h6., izl g,

0 4512
(39)
W(q)P(q, )33 —443)=

sin(gS
—Rg* J‘J‘J q(q 12){[G1zG1sG23+613623]
Sz

+(14+G15)(14Gy3)14G,3)Yy 55} S, 4S5 dS,5  (40)

where the integration in equation (40) is over all
separations of the centres of mass under the constraint
that S, +8,3+S5,5;=0. In these expressions:

G;j=exp[—V(S;;)/kT]1-1 (41)
Y23 =exp[—AV(S,,, 813, 823)/kT] -1 42)

where AV(S,,, 8,3, 5,3) is to account for interactions
among three chains that do not vanish with vanishing
V(S;;—AV is usually put equal to zero*® (see below).

Of course, these relations also give 4, and Aj; in the
limit of zero ¢. Inspection of equations (39) and (40) in
that limit shows that A; need not be zero when A,
vanishes, even under conditions for which AV =0. Thus,
G, need not be zero to obtain 4, =0, rather an integral
over G,, must be zero. Consequently, with G, , not zero,
the multiple integral needed to compute 4; may not
vanish even though A,=0. However, with the most
commonly used expressions for a class of ‘two-parameter
theories’, AV =0, and V(S;;) is scaled by an interaction
parameter z that vanishes when A,=0. With such a
model, G,, is identically zero when z=0, and conse-
quently A, vanishes along with 4, when z=0. The use
of two such potentials to compute A4, is discussed in the
Appendix along with the calculation of A, for one case.
With two-parameter models, i; may be expressed in the
form:

Vs=¥3J()2) (43)

where the function J(y,) depends on the model. For
example, for a model discussed in the Appendix:

JW2)=y,/3n°2 (1 +ky,)*? (44)

where k, is a constant appearing in an expression for
0O(q) (see equation (A.24) in the Appendix)—k, is
expected to be close to zero.

As revealed by the ¢? dependence of cI'(c) observed
when A4,=0, the approximations in the two-parameter
theories must fail with increasing ¢ as the polymer
segment density increases. A revised treatment could be
attempted with V(S;;) not identically zero under con-
ditions for zero A,, containing contributions that scale
with f§, and f;. Alternatively, we will more simply let
V(S;;) scale with 2, and approximate the particular effects
of non-zero z, by use of a potential AV/kT that scales
with z;, being non-pairwise additive with the potential
dependent on 2. In this case, {; becomes a function of
both 2 and z; if A,#0. Unfortunately, theoretical
guidance on AV is lacking. To investigate the features of
non-zero AV, we will approximate Y,,; in the spirit of
a Flory—Krigbaum smoothed-segment-density model
(see the Appendix), with Y,,, the product of three
Gaussian functions:

Yias=(— Yag)s exp[—o%(Sf2+S 23)/R 1 (45)

where both Y and o, are expected to depend on zj.
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Further, since 2=0, the G;; are all zero and y; becomes
a function of z, alone. Equatlon (45) is motivated by the
form of a potential discussed in the Appendix (equation
(A.25)). Under these conditions, calculation with equation
(40) gives (for conditions with 4,=0):

A3MP/NRE = (n*/3%%)(Ys,)? (46a)
W(q)=exp[ —&'(qRg)?*/3] (46b)
&' =(1/202)—1 (46¢)

It may be noted that ¢ =0 for ¢52=2, with ¢ >0 for
larger 65! and ¢ <O for smaller 63 . Consideration of
equatlon (9) shows that a maximum in R(g) requires
¢’ >0, or g5 2>2 with this model. The experlmental data
for g < gy give ¢ ~ 10. Accordingly, 05 ' ~4.7and Y=3 4.
Thus, in this model the maximum in R(q, c) versus q
results from a net repulsion among chain centres under
conditions with A,=0.

Quasi-elastic scattering

The mutual diffusion coefficient. The experimental
results obtained here give Ry=20nm and Rg/Ry=
1.35 at the Flory theta temperature. According to the
theoretical treatment>®4°, under this condition:

Rg/Ry=(Rg,o/Ry,0)(1—20.31z3+ - - -) (47)

where Rg, o/Ry o =8/3n'/2 21.505 for a flexible chain with
large M3°. With the estimate z,=0.0045, Rg/Ry is
predicted to be 1.37, in good accord with the measured
value.

For dilute solutions, the use of equation (12) is
facilitated by expansion of K o5 and {y in virial expansions,
to give equation (27) to first order, with3%:

AM
7]

Thus, at the Flory theta temperature, k= — C,. Theor-
etical expressions for C; may be expressed in the form:

C;=B(4nN ,/3)R¥/M([n] 49)

where theoretical estimates of the numerical coefficient
B vary from unity to 2.23*3-4¢, By comparison, the
experimental value C,=0.53 gives B=1.7.

For moderately concentrated solutions the use of
equation (12) requires a hydrodynamic model to represent
{m- According to one treatment given in the scaling limit
with ¢>»178:

E° Rul(0) 1 )
Z0) = Z(—) (mo JV || " *g(r)dr (50a)
m,

Ry CO) 2 F0,c)— (50b)
500 L©) m,

where {(c) is a repeat-unit friction factor at concentration
¢, and:

kp=(2—C5) -Cy (48)

m,= Iw x"g(x) dx (51)

1]
with x=r/¢,. Combination of equations (6), (12) and
(50) gives:
DM(C) Ry C(O) my
DY o) Lle) m,
If the pair correlation function is given by the

(52)
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Ornstem—Zermcke relation g(x)=x"'exp(—x), then
m, =m,*", and making use of equation (37) for &,:

Dy(c)(c)/DTL(0)= (Re/Rg){([n]c)* * *S([n1c)/6.8} 1
(53)

where S is given by equation (38). Making use of the
relation ¢I'(c)~k;([n]c)* obtained here for solutions of
polystyrene in cyclohexane at the Flory theta tempera-
ture (k3 =0.195 for the former), equation (53) becomes:

Dy(c)i(c)
DY(0)

where K,=(Ry/Rc)(k3/6.8)"/%, or K,=0.23 with Rs=
1.35Ry. ”f’hls result, which shows the proportionality of
Dy(c){(c) with ¢ predicted by this model for large [#]c,
is compared with the experimental data in Figure 6; the
agreement with equation (54) is poor. Here, use is made
of the expression £(c)/{(0)=exp(brw) determined in parts
1 and 3, where w is the weight fraction polymer and by
is a constant (2.7 at the temperature studied here); the
disparity would be larger if it is assumed that {(c)={(0).

The deviation from equation (54) is attributed to the
expression for E(c) leading to equation (50). According
to the relations given above, for é>»1:

_(c) Solc) Llc)
—o=[1+cl b4
20 [1+cI(e)] R, Z0)

For ¢«1, a series expansion of Z(c) gives*?
E(c)/E®={1+k;[nlc+kycT(c)+ - - - }[L(c)/L(0)] (56a)
~[1+cT(e)]* exp(k,[11c)[(c)/£(0)]  (56b)

where k, and k, are constants; the factor {(c)/{(0), which
is close to unity for small c, is included for convenience.
The expression:

E(c)/E°=[1+cI(c)]
x {exp(—k; [n]c)[1+cI(c)]" ™" + Ry/&o(c)} " [{(c)/L(0)]
(57)

provides a reasonable representation of both equations
(50) and (55) for the range of ¢ studied here. As seen in
Figure 6, use of this relation in equation (12) fits the experi-
mental results with K,=0.173, k;=0.95 and k,=0.5.
These values of k, and k, are in the range expected for
flexible-chain polymers®s. This result indicates that the
conditions required for the use of equation (50) alone for
Z(c) are not met for the range of [#]c studied here. The
value of 0.17 for K, in place of the theoretical 0.23 may
reflect the approx1mat10ns made in the derivation of
equation (50) or in the form used for g(r).

=K nle{l+k3'([nle) "2} (54)

(55)

The nature of g“®(t;q,c). As discussed above,
[9®(z; q,c)—1]1*? is an exponential function of 7 for
[n]c <1, but displays a non-exponential behaviour fitted
by equation (2) (with m=2) for [#]c>2 and large q. The
parameters K7, and K7, and weight factor 7, =1 —F%
given in Figures 9 and 10, respectively, show that K9, /q
and K7, tend to constants, independent of g, with
increasing q. The behaviour is similar to that given by
the theoretigal model discussed in the ‘Introduction’.
With this model the limiting value of K,y, for g=0is
given by tz !, and the limiting values of Ky, and r, for
large q are (f1z)~' and (f—1)/f, respectively. Under
appropriate circumstances, these relations may provide
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Table 1 Parameters for non-exponential photon-count correlation®

<] cM,/pMc  DyD}  tx(ms) f (f=Delp
8.31 2.84 0.635 0.55 1.62 0.063
7.91 270 0.601 0.51 1.67 0.065
7.33 2.51 0.595 0.48 1.70 0.063
6.54 2.24 0.581 0.30 1.75 0.060
6.06 207 0.568 0.22 1.78 0.058
425 1.45 0.493 0.16 2.10 0.058
3.66 1.25 0.459 0.12 2.00 0.045

“[n]=76cm3g™'; pM=33200; and D3=1.48 x 10~ "cm?s~!

estimates of f and 7. The initial tangent to Ky, is equal
to K,. As shown in Figure 9, that initial tangent is
observed only for very small g for the solutions studied
here. The experimental data on 7, (=1—7,), ¥, and ¥,
as functions of g were fitted by a non-linear least-squares
regression using equations (14) and (15) to obtain the
two parameters 1z and f to fit the observations best. The
calculated curves are compared with experimental data
in Figures 9 to 10, and values of 7z and f are given in
Table 1. The satisfactory agreement between experiment
and the calculated curves provides support for the
approximate dynamic model. The values of 7z and
{(f—1)(c/p) are compared with the theoretical predictions
in the following; the latter product is seen to be essentially
independent of c. Consequently, variation of f with ¢ is
small (but not entirely negligible) over the range of ¢
studied. The variation of 7y is more pronounced. Thus,
with decreasing c, for the solutions studied here 7y
decreases to such an extent that fx does not exceed unity
by much. In that case, r,>r, and g'"(z; q, c) is dominated
by the contribution with v=2, i.e. r, approaches unity
and near-single-exponential behaviour is obtained, even
though f exceeds unity.

As discussed in the ‘Introduction’, f—1=AL/Kg for
a polymer solution. If AL=4G,/3, use of equations (19)
and (38) gives:

PRI Y i

3Kos 3 ([M1p)™™

for ¢> 1, where [n], is the intrinsic viscosity for a polymer
with M =M, (in the solvent used to determine f), with
M, the molecular weight between entanglements. The
exponent s’ is defined in equation (19) and s= (1 —p)/3.
As discussed in part 3, s'=0 for A4,=0, and one
approximate treatment® gives s'=1/4 for large A4, if
u=4/5; these results are reproduced with §'=s=
(2u—1)/3u, which gives 1—3s—s' =(4—5u)/3u. The
latter is unity for u=1/2 and zero for u=4/5. Under
conditions for which 4,=0, then y=1/2, s=s'=0 and
§=0.195+ ([n]c) 2 for polystyrene in cyclohexane at the
Flory theta temperature. Using constants for polystyrene
in cyclohexane at 34.8°C, (f—1)(c/p)~0.062, in good
agreement with experiment (see Table 1). In this cal-
culation, M,=16000, in accord with measurements*3
on Ry=Gy! and other data'**° on Gy.

For a solution under conditions with 4,>0, the
exponent 1—3s—s" is equal to (4—5u)/3u if s=s'=
(2u—1)/3p, as discussed above. (Note that [n].>[n]..e.)
Use of the appropriate parameters for polystyrene in
toluene, including an estimate for S based on the data
in part 2, gives f—1x0.012(p/c)*!, so that f=x1.
Consequently, non-exponential behaviour in g'*’(z; g, ¢)
should be much suppressed in that system. This trend

S™HInle)  (58)

was observed in this study with increasing temperatures
T > © for solutions of polystyrene in cyclohexane. A more
detailed discussion of behaviour in good solvents is given
elsewhere®®-5?,

According to the theoretical model given above, in the
range ¢q>>fk for which y,K, is independent of g,
(y2K,)~ ' =frz. With the constitutive equation discussed
in the Appendix:

R 2 (1 —1Ns)Ry (59)

where 7 is the solution viscosity and Ry=Gy!. More
realistically, g(t) should be expressed as a sum of weighted
exponentials with:

g(t)=3. g exp(—t/,) (60)

where ¥ g,=1 and 7;>1,_,. In this case, it is reasonable
to approximate y by the average 7. defined by:

T.=(n—n)R® (61)

where R® is the steady-state recoverable compliance,
given by:

Y g:7f
N 2

(X g7)
As discussed in part 3, R®~3R™ for polystyrene
solutions. Values of 1o and ty=1/3 calculated with g
and R® based on data in parts 1 and 3 are given in
Figure 11, along with 1z as a function of cM/pM,.
Here M-=31000 is the critical molecular weight from
viscometry (see part 1). The results give 7 between Ty
and 1, tending towards 7y for larger ¢cM,/pMc, and
towards 7. for smaller cM,/pM¢. This appears to be
reasonable, in consequence of the loosening character of
the pseudo-network with decreasing cM,/pMc.

Although f increases with decreasing c, the parameter
fkq~?=fDyteq® decreases with decreasing ¢ owing to
the marked dependence of 7z ~ 1. on ¢. Consequently,
even though f may exceed unity, the condition fik>1
required to observe y,K, independent of g is not met in
light scattering studies if ¢ is too small. For the
concentration range of interest, in a system for which

RO=R

(62)

log Tp/Ms
1

)

E-Y

T

(0] 0l 0.2 03 04 05 06
log cM,./PM,
Figure 11 Bilogarithmic plot of tx versus cM, /oM, for solutions of

polystyrene in cyclohexane at 34.8°C (pM-=33200). The full and
broken lines give 7. and 7./3~ 1y based on data in parts 1 and 3
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A, =0, R®x3/Gy (part 3) and:
N~ NAK,(cM/pM,)**{(c) (63)

where K, is a constant (part 1). Thus, using equations
(18) and (59), Dytc is proportional to R3(cM/pM.,)*4,
and f Dty decreases rapidly with decreasing c if tg & 1.

CONCLUSIONS

The maximum in R(q, c) observed as a function of g for
moderately concentrated solutions of polystyrene at (or
near) the Flory theta temperature is ascribed to an
effective repulsion among chain centres, as in a liquid.
The repulsion is not predicted by the classical two-
parameter theories of polymer solutions, but can be
understood in terms of three-body interactions that do
not vanish at the theta temperature. Interchain inter-
actions are also implicated in non-exponential behaviour
observed in the quasi-elastic light scattering. The effect,
which gives a (nearly) double-exponential decay in the
electric-field correlation function, can result in one
component with a g-independent time constant. A
viscoelastic model, found to represent the data obtained
here, predicts that the non-exponential behaviour should
be much stronger at the Flory theta temperature than
under ‘good solvent’ conditions.
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APPENDIX

A dynamic model for g¢V(z; q, c)

Following the treatment in refs. 10-12, the displace-
ment «(r, t) of a material point on a polymer chain (e.g.
a repeat unit) at position r at time ¢ is assumed to obey
the relation:

Ju(r, t)

div o(t) —{ —

+A(r, 1)=0 A.1)

where a(t) is the stress tensor for a volume element
containing the material point, {y=N,ZE(c)c/M and
A(r, t) is a randomly fluctuating force acting at r (i.e. the
effects of Brownian motion among the solvent molecules
on the polymer chain). Further it is assumed that the
components of #(t) may be expressed by the constitutive
equation for a linear viscoelastic material such that (in
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Cartesian coordinates)'3:

a,-j(t)=2jt G(t—s)?ds

—

+0;; J' [Kos(t —5)—3G(t—s)] ?fﬁ ds (A2)
s

—

where §;; is the Kronecker delta,

dut) Ouyt)
g {t)= ( ox, + ax,.) (A.3)

and the summation convention is assumed for double
indices. In equation (A.2), G(t) is the shear modulus,
which may be expressed as:

G(t)=G . +AGyg(t/tg) (A4)

where AG=G(0)— G, and 7z is an average relaxation
time. The equilibrium compliance G, is zero for a fluid.
Although g(t/tg) would typically represent a sum of
weighted exponential functions of t (see text)>!3, it is
convenient for purposes here to let g(t/7g) = exp(—t/tg).
The osmotic modulus Kqg(t) for the pseudo-network
formed by the copiously intertwining polymer chains in
a moderately concentrated solution is equal to M (0, c)=
¢ 0I1/dc for large ¢t (i.e. at equilibrium), so that:

Kos(t)= Kos+AKk(t/g) (A.5)

where AK=K5(0)— Kos, k(t/tg) is a function that
decreases from unity for t=0 to zero for t=00, and 14
is an average relaxation time that may or may not be
equal to 7g; see below. In the theoretical treatment,
equation (A.1)is used to obtain a solution for the Fourier
transform w(q, ) of the displacement vector u(r,t).
Owing to the isotropic nature of the effects of interest,
one may put ¢=(0, 0, g) without loss of generality, with
4=, 4,, #;). Solution for f1;(g, w) for no external forces
then gives!®11:

Q*(q, w);(q, w)=0 (A.6)
where
Q*=0Q' +iQ)" (A.7a)
, _ q’ 2 2
Q'(q, w) o P o) {L[1+ (wtg)*] + (wtg)* AL} (A.7b)
" Fotg [ Iu 2
Q'(q, ) m1+( ) (q o [1+{wtg) ]+AL) (A.7¢c)

Here, L=Kos+%G,, and AL is equal to $AG(0) if
k(t/ta)~0, or to AK+4AGy/3 if k(t/th)=g(t/te)=
exp(—t/tg). With this result, g'!)(z; g, c) is given by1%-1!

g(z; q,¢)=8(t;4,¢)/8(0; g, ¢c) (A.8a)
S(t;q,¢)= Jw {Q(w, 9)/[Q*(w, 9)]*} expliwr) d In

(A.8b)

With the preceding expressions, g'*(t; g, ¢) is given by
equation (2) with r,, r,, y, and y, given by equations
(14) and (15) of the text. Accordingly, the first cumulant
K, is equal to q2L/CM, and the normalized second
cumulant given by (3 r,y2)—1 is equal to AL/L.

A renormalized treatment of the osmotic pressure
Equation (32) is not given in ref. 39, but may be

obtained from an expression given there for the free energy
of mixing per unit volume AG as a function of the volume
fraction ¢ of the solute. In general, IT is related to AG by:

dAG/

=¢> —— (A.9)
0¢
In ref. 39 AG is expressed as:

for moderately concentrated solutions, where AGyy is the
Flory—Huggins free energy of mixing, and AGyxg accounts
for contributions to AG from concentration fluctuations
important at moderate concentration:

Vlﬁg“* ¢1n¢+(1-¢)ln(l~¢)+x¢(1—¢)+(w 80’
(A.11)
ViAGys_ 1 9 B¢ (A.12)

RT  24n&® 16m o3¢

Here, V, is the molar volume of the solvent, B is equal
to (4—x)+w¢, n=v,M/V, with v, the polymer specific
volume, « is the ratio of the mean-square radius of
gyration to the value at infinite dilution at the Flory theta
temperature, and &¢(N,/V;)!® is a concentration-
dependent correlation length;- the correlation length
would be proportional to Rg at infinite dilution. The
theory provides an expression for « as an implicit function
of B/¢ (for large n):

B/¢p =o>[A()]*/{[9A(2)/167] + («*/6)} (A.13)
where A(a) = (a® —a3)/4.216. In addition a?¢¢ is given as
an implicit function of B/¢:

a*p¢=a’A(a)/(B/}) (A.14)
With these relations, AGyxg may be expressed in the form:
V1 AGxs

RT =¢°[F(B/¢)—(B/9)]

(A.15)

where
F(B/¢>=%( 6”) (o2 (B/#) + (B/$)[1 — f(B/)]

(A.16)

where f(B/¢)=9/16na’¢p¢é. (The term — Bg? exactly
cgncels a like term in V, AGyy/RT.) Calculation of 11
gives:

3 —
RT n amg) THTBO)-A@) (AT)

where A(¢)=In(1—¢)+ ¢+ (4%/2)+(¢3/3) is small for
¢ of interest here.
In the limit of small B/¢, F(B/¢) is given by:

lim F(B/¢)=(B/$)[1—(5/16m)(6B/$)"/*]

(B/¢)—0

(A.18)

Consequently, for conditions with y =1/2 (i.e. at the Flory
theta temperature):

im V1% L or1 — (5/16m)(6w) 2w —
x=112 n

A(p) (A.19)

With the correspondence 4 ;Mc? =2wng? (valid for small
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w and for 4,=0), this result leads to equation (32) of
the text, with neglect of A(¢). In the consideration of the
limit with y=1/2 in ref. 39, it was assumed that w
remained large, leading to a result for IT given below.
(In addition, certain coefficients were inadvertently
omitted in some of the expressions presented in ref. 39.)
We remark that in the limit of large B/¢, F(B/¢) is
given by:
2
lim F(B/¢)=[1+27/12] % <@> (

B/¢p— o 9
x (B/§)*'* ~6.08(B/¢)** (A.20)

(The term 27/12 in the square brackets was omitted in
ref. 39.) With this result:

lim ﬂ=?+12.16|:1——
16

Bl¢p—~ RT n

9 x 4.216)3‘/4
16n

3 1—2X]B1/4¢9/4’+A(¢)

(A21)

For example, if w=0, the factor in the square brackets
reduces to 5/8, or if y=1/2, that factor becomes unity,
making the second term proportional to w¥*¢? for large
w, by comparison with the result in equation (A.19) for
small w. Finally, we note that F(B/¢) may be approxi-
mated as (B/¢)/[1+ (B/¢)!/*/6.08] within 4%, allowing
an analytic estimate of IT for intermediate B/¢ as a
function of ¥, w and ¢.

Two-parameter smoothed-density models

In general, for the two-parameter models, ¥, and ¥/,
are each expected to approach limiting values for large
z, and to reduce to zero for z=0. Various expressions>>
for V(S;)/kT have been used to compute 4,. For
example, the well known Flory—Krigbaum potential®*
given by:

V(S;)/kT=3%2za"3 exp(—3S2/4R3)  (A.22)

with = Rg/Rg o has been used to compute Q(q) as well
as A,. The latter result gives®:

A,M?/N \R3 ~ (47%%/2.30) In(1 +2.30z0.3) (A.23)
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Numerical results®® for Q(q) calculated with equation
(39) may be represented by:

Q(q)~exp{—e[P™ (g, 0)— 1]} ~exp[ —e(gRg)*/3]
(A.24a)
for qR; <3, with

e=k,A,M?/N R (A.24b)

where k,~0.005 (oscillations in Q(g) vitiate this expression
for larger g). A similar relation for hard spheres (V=0
for §;; < 2R and zero otherwise) gives Q(g) approximately
represented by equation (A.24), with k,=0.028 for
gRg<1.3.

The potential:

V(S;;)/kT=—In[1— Go? exp(—a'zsizj/Ré)]
= i [(Ga®)"/n] exp(—no?S}/RE) (A.25a)

such that
G;j= —Ga* exp(—0?S}/RE) (A.25b)

with G and ¢ functions of the interaction parameter z,
has been used to compute both A, and 4, (with AV =0),
to give32:

A,M?/N ,R3=(n*2/2)G (A.26)
AM3/NZRS, = (n3/35/2)63G3 = (8/n%/23512)6%3  (A.27)

Evaluation of Q(g) using equation (A.27) gives Q(q) in the
form of equation (24) with:

e=(3/40%)—1 (A.28)

Elimination of ¢ in terms of the parameter k, gives
equation (44) of the text, where k, is expected to be small
(e.g. k,~0.005 according to a treatment discussed above).
Thus, for large z, such that y,~6.8, A;M/(A,M)? tends
to the limit 0.41 if k, =0, in comparison with 5/8 for hard
spheres®3>. The limit 0.41 is close to the value 0.45
deduced in part 2 for solutions of polystyrene in toluene
or benzene.



